Abstract. For a finite dimensional Lie algebra g over a field k of characteristic zero, the µ-function (respectively µ nil -function) is defined to be the minimal dimension of V such that g admits a faithful representation (respectively a faithful nilrepresentation) on V . Let hm be the Heisenberg Lie algebra of dimension 2m+1 and let an be the abelian Lie algebra of dimension n. The aim of this paper is to compute µ(hm ⊕ an) and µ nil (hm ⊕ an) for all m, n ∈ N.
Introduction
In this paper, all Lie algebras and representations are finite dimension over a field k of characteristic zero. Given a Lie algebra g, we denote by µ(g) the minimal dimension of a faithful representation and by µ nil (g) the minimal dimension of a faithful nilrepresentation. By Ado's Theorem (or its proof) these numbers are well defined and they are integers invariants of g (see for instance [J1, page 202] ). Clearly, µ(g) ≤ µ nil (g).
In the theory of the affine crystallographic groups and finitely-generated torsion-free nilpotent groups, the invariant µ plays an important role (for details and reference see [B2] ). The following results are known:
Proposition. [B2, Propositions 2.31 and 3.8] Let G be an Lie group of dimension n with g = Lie(G) the Lie algebra of G. If G admits a leftinvariant affine structure then µ(g) ≤ n + 1.
Determining left-invariant affine structures over a Lie group G is linked to the existence left symmetric structures on the corresponding Lie algebra g. Milnor stated that all real solvable Lie algebra would admit a left symmetric structure. There are many articles with positive results in this direction (see for instance the original paper of Milnor [Mi] and [A, D, GM] ). However, Y. Benoist [Be] and Burde and Grunewald [BG] gave the first examples of nilpotent Lie groups not admitting any left-invariant affine structure, they constructed nilpotent Lie algebras g such that µ(g) > dim g + 1.
On the other hand, this problem is also related to the representation theory of finitely generated nilpotent groups, since it is important to have methods for finding integer matrix representations of small dimension for this class of groups (see [GN, N] ).
Computing µ and µ nil (or finding bounds for them) for a given Lie algebra is acknowledged to be a very difficult task and the goal has been achieved for very few families (see for instance [S, BM, CR, KB] ).
Let g be a Lie algebra. Assume that the center z(g) is trivial then the adjoint representation is faithful, it follows that µ(g) ≤ dim g. If g is k-step nilpotent whit k = 2 or 3 then
see [Sc] . In general, if g is nilpotent this result is not even true. In this case, it is known that
see [B1] . Since the classification of representations of nilpotent Lie algebras is a wild problem, it reasonable to expect difficulties in obtaining µ(g). Let a n be the abelian Lie algebra of dimension n and let h m be the Heisenberg Lie algebra of dimension 2m+1 with a basis {X 1 , . . . , X m , Y 1 , . . . , Y m , Z} such that the only non-zero brackets are
It is clear that the center of h m is z(h m ) = k{Z}. The following results are know for h m and a n .
(2) µ(a n ) = 2 √ n − 1 and µ nil (a n ) = ⌈2 √ n⌉ (see [S] , [J2] , [M] ).
Let h m ⊕ a n be the Heisenberg Lie algebra with abelian factor a n . The upper bound for µ(h m ⊕ a n ) given by equation (1.1) is µ(h m ⊕ a n ) < 2m + n + 2.
Our main result in this paper are the value of µ and µ nil for the Lie algebra h m ⊕ a n for all m, n ∈ N. In this direction, we prove the following theorem.
Theorem. Let m ∈ N 0 and n ∈ N. Then
The paper is organized as follows. In §2, the upper bounds for µ(h m ⊕ a n ) and µ nil (h m ⊕ a n ) are obtained by explicitly constructing faithful representations and faithful nilrepresentations of h m ⊕ a n of minimal dimension. In §3 provides a detailed exposition of the proof of the lower bound of µ(h m ⊕ a n ) and µ nil (h m ⊕ a n ), here we use a theorem of Zassenhaus and some results obtained in [CR] .
Our result for m = 0 coincides with the statement of Theorem 1.1.(2) and it is straightforward to see that our value of µ nil coincides with the statement of Theorem 1.1.(1) if n = 0.
In general
for arbitrary Lie algebras g 1 , g 2 . If g = g 1 ⊕· · ·⊕g r is a semisimple Lie algebra over C, where g j is a simple ideal of g, then µ(g) = µ(g 1 ) + · · · + µ(g r ) (see [BM] ). But the equality in (1.3) seldom occurs for nilpotent Lie algebras, for instance µ(a n ) = ⌈2 √ n − 1⌉ < n i=1 µ(a 1 ) = n. As far as we know, there is no example of two nilpotent Lie algebra
In this context, the Lie algebra h m ⊕ a n can be viewed as an extreme case in this sense, since
with ǫ = 1 or 2, depending on the value of n. This paper is used in [R] to calculate the µ-function and µ nil -function for all 6-dimensional nilpotent Lie algebra over k.
A family of representations of h m ⊕ a n
We start with a simple proposition.
Proposition 2.1. Let g be a nilpotent Lie algebra and let (π, V ) be a representation of g.
Proof. Assume that g is k-step nilpotent and ker π is non trivial and let
∈ z(g). We now apply this argument again k-times, to obtain
The converse is clear.
The Heisenberg Lie algebra h m has a canonical faithful representation (π 0 , k m+2 ) which in terms of the canonical basis of k m+2 is given by
Let {A 1 , . . . , A n } be a basis of a n , and let {Z, A 1 , . . . , A n } be a basis of the center z(h m ⊕ a n ).
We shall now construct a family of nilrepresentations of h m ⊕ a n that contains a faithful nilrepresentation of minimal dimension.
For a, b ∈ N, define the linear maps
is given by the following block matrix By straightforward calculation we have -π a,b , k m+a+b is a nilrepresentation of h m ⊕ a n .
-If a = b = 1 then π 1,1 | hm = π 0 . -By Proposition 2.1, π a,b , k m+a+b is faithful if and only if τ a,b is injective.
Then π a,b , k m+a+b is faithful if and only if ab ≥ n + 1. Since min{a + b : ab ≥ n + 1} = 2 √ n + 1 for every n ∈ N, we obtain the following result.
Analogously, we introduce a family of representation of h m ⊕ a n that contains a faithful representation of minimal dimension.
⊕ a n and let (π a,b , k m+a+b ) be the representation of h m ⊕ a n that is given by
where I is an identity matrix of size m + a + b.
It is easy to see that ( π a,b , k m+a+b ) is a representation of h m ⊕ a n and π is faithful if ab ≥ n. Then we obtain the following proposition.
Proposition 2.4. Let m, n ∈ N then µ(h m ⊕ a n ) ≤ m + 2 √ n .
The lower bound
For this section we prove the lower bound of µ(h m ⊕a n ) and µ nil (h m ⊕a n ). We will need the following facts: Let g be a Lie subalgebra of h m ⊕ a n such that Z / ∈ g, from an argument similar to [CR, Lemma 3] it follows that
We will also need the following theorem (see [CR, Theorem 4.2] ).
Theorem 3.1. Let V be a finite-dimensional vector space and let N be a non-zero abelian subspace of End(V ) consisting of nilpotent operators. Then there exists a linearly independent set B = {v 1 , . . . , v s } ⊂ V and a decomposition N = N 1 ⊕ · · · ⊕ N s , with N i = 0 for all i, such that the maps
Furthermore, given a finite subset {N 1 , . . . , N q } of non-zero operators in N , the vector v 1 can be chosen so that N k (v 1 ) = 0 for all k = 1, . . . , k.
We are now ready to prove the first main result of this section.
Proof. Let (π, V ) be a faithful nilrepresentation of h m ⊕ a n and let z = k{Z} ⊕ a n . We apply Theorem 3.1 to the subspace N = π(z). We obtain a linearly independent set B = {v 1 , . . . , v s } ⊂ V and a decomposition N = N 1 ⊕ · · · ⊕ N s , with N i = 0 for all i, such that the maps (2) and (3) of Theorem 3.1 We additionally require that π(Z)(v 1 ) = 0. Let φ be a linear map
(ii) Im φ ∩ kB = 0, and thus dim V ≥ s + dim Im φ.
(iii) n + 1 ≤ s dim Im F 1 , and thus 2 √ n + 1 ≤ s + dim Im F 1 .
Proof of (i).
It is clear that ker φ is a subalgebra of h m ⊕ a n such that Z / ∈ ker φ. Since π(ker φ ∩ z) = ker F 1 , it follows from (3.1) that dim ker φ ≤ m + dim ker F 1 .
Since dim ker φ + dim Im φ = 2m + 1 + n, we obtain (i).
Proof of (ii
We must prove that a i = 0 for all i. Assume that a i = 0 for some i and let i 0 = max{i : a i = 0}. Since π(X) is nilpotent endomorphism on V , its only eigenvalue is zero and thus i 0 > 1. Let N ∈ N 0 , N = 0 and let us apply N to both sides of equation (3.2). We obtain zero on the left hand side, since N ∈ pi(z), i 0 > 1. But from (1) and (2) of the Theorem 3.1, we obtain on the right hand side a i 0 N (v i 0 ) = 0, which is a contradiction.
Proof of (iii). Part (1) and (3) combined imply that dim N x ≥ dim N x if x < y. In particular dim N 1 ≥ N j for all j = 1, . . . , s and thus
Since min{a + b : a, b ∈ N and ab ≥ n + 1} = 2 √ n + 1 for all n ∈ N, we obtain (iii).
From (i) and (ii) it follows that dim V + dim ker F 1 ≥ m + n + 1 + s, and combining it with (iii) we obtain
Finally, since dim ker F 1 + dim Im F 1 = n + 1 we obtain dim V ≥ m + 2 √ n + 1 and this completes the proof.
First we recall a theorem due to Zassenhaus (see [J1, page 41] ) for to prove the lower bound for µ(h m ⊕ a n ).
Theorem 3.3. [CR, Theorem 2.1] Let g be finite dimensional nilpotent Lie algebra and let (π, V ) be a finite-dimensional representation of g. If k is algebraically closed then
such that π(X) | V i is a scalar λ i plus a nilpotent operator N i (X) on V i for all X ∈ g and i = 1, . . . , s. Moreover, (N i , V i ) is a nilrepresentation of g for all i = 1, . . . , s.
We end the paper with the second main result of this section.
Proof. Let (π, V ) a faithful representation of h m ⊕a n , by Zassenhaus theorem we have
Since (π, V ) is a faithful representation there is v ∈ V such that π(Z)(v) = 0. It follows that there exist i 0 = 1, . . . , s, such that π(Z)(v i 0 ) = 0.
Since Z ∈ z(h m ⊕ a n ) ∩ [h m ⊕ a n , h m ⊕ a n ], we have λ i 0 (Z) = 0 and therefore N i 0 (Z)(v i 0 ) = 0. By Proposition 2.1 we have (N i 0 | hm , V i 0 ) is a faithful nilrepresentation of h m . Therefore, if c = ker N i 0 , it follows that c ∩ h m = 0 and thus c is an abelian Lie subalgebra of h m ⊕ a n . Let b be a complementary subspace of h m ⊕ c in h m ⊕ a n , thus h m ⊕ a n = h m ⊕ b ⊕ c. It is clear that h m ⊕ b is a Lie subalgebra of h m ⊕ a n . By construction of b, we have (N i 
